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Problem 4.70

Sequential Spin Measurements.

(a) At time t = 0 a large ensemble of spin-1/2 particles is prepared, all of them in the spin-up
state (with respect to the z axis).”™ They are not subject to any forces or torques. At time
t1 > 0 each spin is measured—some along the z direction and others along the = direction
(but we aren’t told the results). At time to > ¢; their spin is measured again, this time along
the x direction, and those with spin up (along z) are saved as a subensemble (those with
spin down are discarded). Question: Of those remaining (the subensemble), what fraction
had spin up (along z or z, depending on which was measured) in the first measurement?

(b) Part (a) was easy—trivial, really, once you see it. Here’s a more pithy generalization: At
time ¢t = 0 an ensemble of spin-1/2 particles is prepared, all in the spin-up state along
direction a. At time ¢t; > 0 their spins are measured along direction b (but we are not told
the results), and at time ¢ > ¢; their spins are measured along direction ¢. Those with spin
up (along c) are saved as a subensemble. Of the particles in this subensemble, what fraction
had spin up (along b) in the first measurement? Hint: Use Equation 4.155 to show that the
probability of getting spin up (along b) in the first measurement is P, = cos?(6,,/2), and
(by extension) the probability of getting spin up in both measurements is
Py = cos?(04p/2) cos?(0p./2). Find the other three probabilities (P, _, P_,, and P__).
Beware: If the outcome of the first measurement was spin down, the relevant angle is now
the supplement of fy.. Answer: [1 + tan?(0qp/2) tan®(0p./2)] -

Solution

Part (a)

A particle with spin 1/2 has s = 1/2, which means mgs = —1/2 or ms = 1/2. The spin eigenstates

are denoted by |s my), so there are two possibilities: |% _71> and ‘% %> If we let

)

N | =

1 ‘ 1
X4 = 0 represen 5
and
0 ¢ 1 — (spin d )
_ = represen - — spin down
X 1 p 9 9 p )

then the general spin state of the spin-1/2 particle can be written as

X:

1 0
AL Al [ - o

where (x| x) = x"x = |A|? + |B|?> = 1 because it has to be normalized for physical relevance.

TAN. D. Mermin, Physics Today, October 2011, page 8.
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Since the spin angular momentum of the particle will be measured along the z- and z-directions,
determine the eigenvalues and normalized eigenvectors for the matrices representing S, and S,
with respect to the basis, |4 ;1> and ‘% % .

2 2
h h
)\_:—5 )\+—§
hl0 1
S = — 1 0o and
2 @_ 1 |1 @ _ 1 |1
X = —= X+ = —F=
V2 |1 92 11
h h
)\_:—5 )\_’_—5
h (1 0
52_50 1 = and

= .t

Notice that the general spin state is already written in terms of the eigenvectors of S, .

X:

1 0

As a result, measuring S, on a spin-1/2 particle in the general state x = [g} yields values of
h . . 2
5 with probability |A]

g with probability |B|?.

Now expand the general spin state in terms of the eigenvectors of S, .

x =™ + szf)

1-314-56

_ - C C
A 71§+7%
B C C
-7 _7]5_‘_725

This implies a system of two equations for the two unknowns, Cy and Cbs.

e

A==l 2

V2 V2
e

AR
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Solving it yields

As a result, measuring S, on a spin-1/2 particle in the general state y = [

1
Ci=—
1 NG

N | St

Now consider the sequential spin measurements.

Timeline of Events

with probability |Cy|?

with probability |Cy|?

(A—B) and 02 ==

B

1
54+ B).

} yields values of

1
= —|A+ BJ?
5 + B

1
= ~|A- B]%
2

Ensemble of

spin—1/2 particles

1
Initial State: y+= [(J

=

. . . 1
Probability of getting % is \1|2 = 1. Newstate is y. = [O]

Probability of getting —3 is \Dlz = 0.New state is y_= [ﬂ

‘///

Measurement of Sy

_—

Probability ngetlmg is — \J + D| = —.Newstate is )(+ = 7 [ﬂ

Probability of gettin, 7"isl\l 0|27 ! Newstateisx(ﬂ*i[
geme Ty By T T2

—P Time

5)

Measurement of Sy

spin up

%
2,
()
%
2,
Gl
D
w
4

1
Probability ngetlmg 5 is — \1 + [)| =— Neu. state is xi o [1] Saved

V2 1

1 1 N1 .
Probability of getting —Eﬁ is 3 1—o0%= 5 New stateis x ") = [_ ﬂ Discarded

1 1 12
Probability of getting 7 is — ‘— + —| = 1.Newstateis (=
ty of g 52 2 vz 2 X+
Probability of getti ”'1‘ 1‘2 0.N tei
robability of getting -~ is — | — — —=| = 0.Newstateis x "
2 20v2

1
‘ (
\/_

. s 11
Probability of getting - is 3 ‘7 — (_

V2

)
-
V2

2

)

V2

= 0, New state 1s x+ =) _

2

= 1. New state is x

(

=)

=7 [ } Saved

=% 1]

2l

[ } Discarded

0L’y WA[qOIJ :9¢ SOTURYID\ WNjuend) syjyjLIs)
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Notice that all the particles saved in the subensemble at the end came from a spin-up state
previously. Therefore, the fraction of particles that had spin up in the first measurement is 1.

Part (b)
In Problem 4.33 the matrix representing the component of spin angular momentum along an

arbitrary direction 7 was found.

h

h h,—id o
26089 € sin 0

%ei‘ﬁ sin 6 —% cosf

The eigenvalues and corresponding normalized eigenvectors were also determined.

h h
A= —— Ay = +—
2 =13
—e " gin g and cos g
(r) _ (r) _
X- = . =
oS 5 €' sin 3

Expand the general spin state in terms of the eigenvectors of S,.

X = CgX(_T) + C4XE:)

4] —e~®sin g cos %
B =C3 + Cy

9 i® gipy @
|~ COS 5 e'?sin 5
ro o~ qin & 9
A C3e™"?sin g + Cy cos 5
_B_ Cs cos g + Cye'® sin ¢

2

This implies a system of two equations for the two unknowns, C5 and Cy.

, 0 0
A= —Cse " sin 3 + Cy4 cos 3

0 - 0
B = Cscos 3 + Cye'® sin 3

Eliminate C3 by multiplying both sides of the first equation by cos(6/2) and multiplying both
sides of the second equation by e~ sin(0/2)

0 - 0 . 0 0
A cos 5= —Cse™ cos 2 sin 2 + Cy cos? B

. 0 , 0 . 0 6
Be " gin 3= C5e™ cos 3 sin 3 + Oy sin® 3
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and then adding the respective sides of these equations.

0 - 0 0 0
A cos 3 + Be " sin 3= C, cos® 3 + Cy sin? 3

:C4

Eliminate C; by multiplying both sides of the first equation by €’ sin(f/2) and multiplying both
sides of the second equation by cos(6/2)

- 0 0 - 0 0
Ae™ sin 3= —(Cj4 sin® 3 + Cye™ cos 3 sin 5

0 0 , 0
B cos 3= Cs cos? 3 + Cye'® cos B sin B

and then subtracting the respective sides of these equations.

, 0 0 0
Ae'® sin 5~ B cos 5= —Cj4 sin® 3~ Cj5 cos? 3

, 0 0
Ae'® sin 3~ B cos 3= —C

As a result, measuring S, on a spin-1/2 particle in the general state y = [ ] yields values of

B

hoo . ) 0 . i O]
B with probability |Cy|* = Acos§+Be sin 5

92

: 0
with probability |C3|* = ‘Aem’ sin 3 B cos 5

Now consider the sequential spin measurements: In the beginning there’s an ensemble of spin-1/2
particles with spin up along a. The initial state of these particles is

ba
COS &
(o) _ 2
X+ = | . 0
e sin Yo

where ¢, and 6, are the angles of a in a spherical coordinate system. Orient the polar (z-) axis in
the direction of a in order to replace 6, with zero and simplify this initial state.

..

As a result of measuring Sp, the spin angular momentum along b, at time ¢; the values obtained

are
h G o . Oap|? 0
3 with probability ‘1 - cos %b +0-e "“sin %b = cos? %b
h ) Oap | 0
-3 with probability ‘1 - €' sin %b —0-cos %b = sin? %b
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with the corresponding new states being

cos “gt
(b)
Xy = '
i@ sin fab
| 2
M
—e " gin %
(b)
X= 0
b
L cos gt

respectively, where 6, is the angle between a and b. Orient the polar axis in the direction of b now to replace 6, with zero and

simplify the states.

Measuring S, the spin angular momentum along ¢, at time to

;

h
3 with probability
L —
X+ - O
Lo . .
—5 with probability
.
ho . .
3 with probability
==l
o . .
—5 with probability

0 .
-Cosﬁ—l—O-e*’Bsin?

e gin —2€ — (- cos =<
2

cePgin 22 — 1. cos =2£
e sin = cos

J— -1-
X+ - _0_
X— = 1)

gbc

ebc ebc 2

0 , 0
-cosﬂ—i-l-e*wsinﬁ
2 2

Hbc ebc 2

2
Oy
82 ¢

2

. o O
1n2 ¢

2

2
.o O
S1n2 2o

6

New state

New state:

New state:

New state:

N

(e) _

on each of the particles in these states results in the following outcomes,

cos 9%
Saved
e sin a—gc
—e P gin 9%
cos 9%
)
cos 9%
Saved

€8 sin 9%

—e P gin ‘9%

COS 5
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where 0y, is the angle between b and ¢. Consequently, the probability of measuring h/2 followed
by /2 is

P++ _ C082 Gab 2 ch

7 CO 77
the probability of measuring //2 followed by —h/2 is
6 6
P, _ = cos? Zab gin? E,
2
the probability of measuring —#/2 followed by h/2 is

P_, =sin® Bab 2 %,
2 2
and the probability of measuring —#/2 followed by —h/2 is

. o O O
P = sin? ~% cos? 22,

2

along b is

Save the particles with spin up after the measurement of S, in a subensemble. Assuming there are
N particles in the ensemble initially, the fraction of particles in the subensemble that had spin up

fractio # of particles with spin up along c that had spin up along b
raction =

# of particles with spin up along ¢

_ NPy
~ NP, +NP__

-1
= <1 + tan? % tan? ebc)
5 .
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